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Problem 1

A computer program can make calls to two subroutines, A and B. In a randomly chosen run, let X be the number
of calls to subroutine A and Y be the number of calls to subroutine B. The joint probability mass function of X
and Y is given by the following table.

(a) Find the marginal probability mass functions of X and Y.

XY 0 1 2
0.1 | 0.05| 0.1 |0.25
0.1 | 0.15 | 0.05 | 0.30
0.15| 0.2 | 0.1 | 045
0.35 | 0.40 | 0.25
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(b) Find E(X) and E(Y).

E(X)=1-025+2-0.30+3-0.45 =22
E(Y)=0-035+1-040+2-0.25=0.9

(¢) Find Cov(X,Y).

Cov(X,Y) = E(XY)— E(X)E(Y)=1.95—-2.2-0.9 = —0.03
E(XY)=1-1-005+1-2-01+2-1-0.15+2-2-0.05+3-1-02+3-2-0.1 = 1.95

(d) Are X and Y independent? Explain.

X and Y are not independent as 0.25 - 0.35 # 0.1
(e) Find P(X > 1.5 and Y <1)

P(X>15and Y <1)=0.1+0.15+0.15+0.2=0.6

Problem 2

Let X and Y be continuous random variables with joint probability density function

3 5

PYAE 0<z<2and 0<y<1
fm,y(xay) = 2
0, otherwise

(a) Find the marginal densities of X and Y (make sure to give the regions where they are valid).
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(b) Are X and Y independent? Explain your answer.
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X and Y are independent as gy =3 3y2. For future reference, this means that Cov(X,Y) = 0

(¢) Find the expected value and variance of Y.

B = [ unta=3 B0 = [ pnman=
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(d) Find the variance of X +Y,Var(X +Y).

V(Y) = E(Y?) - B(Y)?

Var(X +Y) =Var(X) 4+ Var(Y) 4+ 2Cov(X,Y), but since Cov(X,Y) = 0 by their independence,

Var(X +Y) =Var(X) + Var(Y)

4 1 3 1 89
= 2y 2 = — — = — = — _= —
Var(X) = B(X?) ~ B(X)? = 3 ~1=3 Var(X + V) = ;o + 5 = o
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(e) Calculate P(X < %‘Y = 5)

I? o Fxy (@,u) du
fx () ’

PY<ylX==z)=

(f) Compute E[X|Y = %}
E(X|Y = %) = F(X) as X and Y are independent, therefore E(X|Y = %) =1.
(g) Compute the joint CDF of X and Y, Fx y(X,Y) Evaluate all the cases:
I)
When <0, y<0, Fxy(z,y)=0
II)

T 1
When 0 <z <2,y >1, nyy(x,y):/ / guzdudvzg
o Jo

I11)

2 ry
When z > 2,0 <y <1, nyy(:r,y):/ / gu2dudv:y3
0o Jo
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x ’y3
WhenOSx§2,O§y§1,FX7y(x,y):/ / iuzdudvzi
0o Jo
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V)
When = >0, y>0, Fxy(z,y)=1
Therefore,
0, 0<z<0,y<0
gv r<2,y>1
Fxy(X,Y) =19 r>2,0<y<l1
o
DR 0<z<2 0<y<1
1, z>0,y>0
Problem 3

Let Y be a uniform random variable on [0, 1]. Let W = Y2. Find the PDF of W.
Y ~U([0,1])

1

fy(y) = { length[0,1]
0, otherwise

0<y<1 1, 0<y<1

0, otherwise

— fy(y) = {

W =Y?—= pdf of W
Y given using pdf — cdf of Y — cdf of W = Y2, we want the pdf

- [ o0dt =0, y<0 0,
—oe [Yf ) dt = [y 1dt=1, y>1 1,

Fy(w)=PW <w)=PY2<w)=0ifw<0

Fu(w) = P(Y2 < w) = P(Y < /) = F,(v) if w > 0
P(Y? < w) = P(—/i <Y < V)

IfW e 0,1 : F,(vu) = v

W >1:F,(y/w) =1

0, w<0 0,1 w <0
Fu(w) =< Vw, 0<w<1l — F(w)= oW 0<w<1
1, w>1 0 w > 1

y <0
0<y<l1
y>1



Problem 4

Let X7 ~ Poisson(A1) and Xy ~ Poisson()\z), and assume that X; and X» are independent. Recall that the PDF

“M\k
of a Poisson random variable with parameter A is px (k) = P(X = k) = i for k=0,1,2,....
(a) Derive the moment generating function of Xj.
e—M\k
pe(k) =P(X =k)= o for k=0,1,2,..
k

Note that e” = Y77 %

For discrete functions, M;(t) = Y et*p(x)

i etkef)\)\lc 67)\ i (et)\)k

k=0 ’ k=0

Apply the principle stated above (McLauren Series).

6_)‘6>‘et — e)\(et—l)
(b) Find the moment generating function of the sum X; + X5. What is the distribution of X; + X537

If X and Y are independent, Mx 1y (t) = Mx (t) My (t)

ekl(et—l)ekz(et—l) _ e)\l(et—l)—i-kz(et—l) _ e(et—l)()\l-ﬁ—)\z)

Problem 5

Let X and Y be random variables with finite variances.
(a) What is the definition of the covariance of X and Y, Cov(X,Y)?

The Cov(X,Y) measures how similarly they trend.

(b) True or False? If Cov(X,Y) =0, then X and Y are independent. Explain your answer.

If Cov(X,Y) = 0, then X and Y aren’t necessarily independent. To be independent, the variables must
follow the rule fy ,(z,y) = fz(x)f,(y) for all (z,y).

Problem 6

Let X be a binomial random variable with parameters n and p. Find the 2°¢ (about the origin) of X using the
moment generating function M, (t) = (1 — p + pe')™.

M(t) = n(1 —p+ pe')" ! (pe')
(f(2)g(x)) = f(x)g'(z) + f'(2)g(x)

(pe')((n = 1)(1 — p+pe'))*2(pe')) + (pe')(1 —p + pe’)" ", plug in t = 0
(»((n—1)) +p=pp(n —1) +1) = p?(n — 1)p, multiply by n

np?(n — 1) +np

Another way of solving this problem is via this rule:



V(X) = B(X?) - B*(X), B(X?) =V(X)+ E*X)

By using the sheet with all of the information on the different distributions, plug in the corresponding values
to get np(1 — p) + (np)?.

Problem 7

Let Y be an exponential random variable with parameter (rate) A\. Find the 2nd moment (about the origin) of Y

using the moment generating function M, (t) = %
Y~ Bap(\), My(t) = £ A~ 1)
2" moment of Y = € (Y?) = M,/(0)
A
T — \(— 111y — _ -2
M) = AN =07 HD = R <A
Derivative power rule: (f(t)) = nf" 1(t)f'(t)
M!'(t) = XM-2)A—t) 2 (-1)=22(A—t)3 = 2
y (A—1)3
2\ 2
1" _ _~
My (0) = (A—0)3 A2

Note: “about the origin” indicates the 0 in E((Y — 0)?)

Problem 8

Let X4,..., X, be a random sample of size n from a geometric distribution with success probability p (that is, let
X; be i.i.d. geometric RVs with parameter p for i = 1,...,n). Let

X = En:xi
i=1

What is the distribution of X7 What is the expected value of X7 Explain your answer.

X1, X, ..., X, are a sample (of size n). Independent identical distribution (i.i.d.) is implied because of the word
“sample”.

S, = X1+ Xo + ... + X,,, the distribution of S,, is the Negative Binomial. The distribution and expected value
come from the table.

PMF = (373)p"(1 —p)*~" with E(X) = %
Problem 9

A random sample of size n = 36 is drawn from the PDF fy(y) =2y for y € [0,1]. Let

—

8
1
all Y.

1

36

i=

7:

Use the Central Limit Theorem to approximate the probability of P(a <Y < b).



Y with pdf f,(y) = {

ii)

iv)

— 2 1

2y, 0<y<1

0, otherwise

1 4 1
Y :EY2 _EQY _t_=_ 1
V(Y)=E(Y?) ()=5-5=1
1 2
o(y) standard deviation — = £
V18 6
v Yi+Ye+.. +Y,
Y1,Ys,....Y, sample —» Y = 1t 21‘ +

n = 36, n is big enough, use the Central Limit Theorem

Y ~ N(n N(24,2) = N(24,v2)

3" T

— a—24 Y —-24 b—24
P(angb):P(\/i < 7% < \/5)

Problem 10

The lifetime in days of a certain fuse has exponential distribution with parameter A = 0.2.

(a)

Find the probability that such a fuse lasts longer than 6 days.

1 6
Fi(X)=P(L<X)=1-¢ 5 ,P(L<6)=1-F(6)=e¢ 5 =0.3011 = 30.11%

What is the mean lifetime of such fuse?

1

E(L)= — =

(L) 0.2 >

What is the standard deviation of the lifetime of such fuse?
1 1

=302

Ten such fuses are chosen randomly (suppose they are operating independently). Find the probability that
at least 3 of them last longer than 6 days.

X ~ Bin(10,0.3011). P(X >3)=1—[P(X =0) + P(X =1) + P(X = 2)] = 62.01%

In such a system, when a fuse burns, is replaced by another fuse. What is the probability that using two such
fuses the system works after 12 days?

P(Ly + Ly > 12). Two exponential distributions added follow a gamma distribution.



Ly ~ Exp(0.2), Ly ~ Exp(0.2) = L1 + Ly = Gamma

—~

1+1,0.2) as Ezp(a) = Gamma(l, a)

0.22
r(2)

(S

Gamma(2,0.2) = f(z) = 227 1e=02 — 0.02z¢

T
00

P(Ly+ Ly >12) = / 0.02z¢ 5 da Use integration by parts.
12

(f) In such a system, when a fuse burns, is replaced by another fuse, and so on. What is the probability that
using 64 such fuses the system works after 315 days?

Ses — 320 _ 315 — 320
0 T 40
= P(Z > —0.125) = 1 — F,(—0.125) = 0.54973 = 54.97%

P(Ses > 315) = P( ) as the Central Limit Theorem states that ~ N (64 - 5,64 - 25)

Problem 11

The thickness of the paper used for a 100-sheet book has the mean 0.08 mm and the standard deviation 0.01 mm.
Assume that this book has no covers.

(a) What is the probability that one page selected at random in one such book is thicker than 0.08 mm?

P(X > 0.08) is impossible to compute because no distribution was specified.

(b) What is the probability that a randomly selected book is more than 8.1 mm thick?
P(Sloo > 81) =15.87%

Since n = 100, it is big enough and follows the CLT. The new mean will be nE(X) = 100 * 0.08 = 8 and
the new variance will be no?(z) = 100%0.01% = 0.12 or by directly using the standard deviation, v/n o(z) = 0.1

S100—8 _ 81—-28
0.1 0.1

(c) What is the 95" percentile of the book thicknesses?

Then P(S100 > 8.1) = P( )=P(Z>1)=1-Fz(1) = 0.1587 = 15.87%

a = 95" percentile thickness

a—8
0.1

a—38

: ):0.957 FZ(

P(S100 < a) =095, P(Z < ) =095

Convert 0.95 to its standard Z score by using the table or 2" — vars (dist) — invNorm with area =
the percentile you seek on the TT.

=8 1645 a—81645 mm
0.1
(d) If four books are selected randomly, what is the probability that at most three of them are more than 8.1 mm
thick?

PY <3)=1-P(Y =4)=1- (;)(0.1587)* = 0.9994 = 99.4%

(e) If two books are selected randomly, what is the probability that the difference of their thicknesses is less than
0.05 mm?

P(]1S700 — Siool < 0.05), denote T = S}55 — ST00s Stoo ~ N(8,0.1%), S1p0 ~ N(8,0.1%)

Refer to this table when adding distributions:



X1&X5 Dist. Resulting Dist.
Normal Normal
Poisson Poisson
Binomial Binomial
Gamma, Gamma,
Geometric | Negative Binomial(r = 2, p)
Exponential Gamma

N(8—8,0.1240.1%), T ~ N(0,0.02),u = 0,0 = +/0.02 = 0.1415

—-0.05-0 < T-0 < 0.05—-0
0.14 0.14 0.14

P(IT| < 0.05) = P(=0.05 < t < 0.05) = P(
F7(0.357) — Fz(—0.357) = 0.2789 = 27.89%

) = P(—0.357 < Z < 0.357) =

Problem 12

The number of cars arriving at a given intersection follows a Poisson distribution with a mean rate of 4 per second.

(a) What is the probability that 4 cars arrive in any given second?

T xr
Poisson(rT) = e_TTu

3
P(X =3) =4 (4(8|)) = 0.1954 = 19.54%

(b) What is the probability that 8 cars arrive in 3 seconds?

4(3))®
P(X=8)= e—4<3>((T)) = 0.0655 = 6.55%

Problem 13

A teenager is trying to get a driver’s license. Let X be the number of tries he needs to pass the road test, and
assume that his probability to pass the exam is 0.2 on any given attempt.

(a) Determine the probability mass function of X.

(0.2)(0.8)*! is a Geometric distribution

(b) On the average, how many attempts is he likely to require before he gets his license?

= — =5 attempts

1
0.2

H =i~

(c) Evaluate P(m < X < 72).
Pir < X <7?) = P(3.14 < X < 9.86) - P4 < X < 9) (adjust the range bounds to integers and to
< conditions to fit the theorem)

9
> 0.2(0.8)F! = 0.3778 = 37.78%
k=4

Problem 14

A door to door salesperson is required to document five in-home visits each day. Suppose that she has a 25% chance
of being invited into any given home, with each address representing an independent trial. What is the probability
that she requires fewer than 10 houses to achieve her 5*" success? On average how many houses she has to visit to
achieve her 5*" success?



(a) Negative Binomial Distribution (f;l)p”(l —p)F "

1

P(X <10) = P(X =5) 4+ P(X = 6) + P(X = 7) + P(X =8) + P(X = 9) = 0.0489 = 4.89%

)
(b) On average she has to visit % =G5 = 20 houses

Problem 15

Let X be the number of packages being mailed by a randomly selected customer at a certain shipping facility.
Suppose the distribution of X is as follows:

T 1 2 3
pl01]04]0.5

Consider a random sample of size n (n customers), with the numbers of packages X1, Xo, ..., X,,, and let X =
Xi+Xo+ ..+ X,

be the sample mean number of packages shipped.
n

Part A: Suppose n =2

(a) Determine the joint probability mass function of (X7, X3).

X1, Xo, are random variables, P(X; =1,Xs =1) = P(X; =1)P(X3 = 1)...

X./X; | 1 2 3
1 0.01 | 0.04 | 0.05
2 0.04 | 0.16 | 0.2
3 0.05 | 0.2 | 0.25

(b) What is the probability that the two customers will ship the same number of packages?
PX1=X0)=PX1=Xo=1)4+P(X1=X2=2)+P(X; =X2=3)=0.01 +0.16 + 0.25 = 0.42

(¢) Let A denote the event that one of the customers will ship two more packages than the other customer.
Calculate the probability of this event.

P(X1=3,Xo=1)+P(X; =1,X, =3) = 0.05+ 0.05 = 0.1

(d) Determine the probability distribution of Ty = X7 + Xo.

Distribution of X; + X5

X1+ Xo 2 3 4 5 6
prob 0.01 | 0.08 | 0.26 | 0.4 | 0.25

(e) What is the probability that the total number of packages shipped by these two customers is at least 47

P(X1 +X2:4)+P(X1 +X2:5)+P(X1+X2:6):026+04+025:091
Part B: Suppose n = 50

X,CLT ~ (E(X), %)



(g) Evaluate P(2.1 < X < 2.4)
E(X)=1-01+2-04+3-05=24
E(X?)=12-0.1+22-04+320.5=6.2

Var(X) = BE(X?) — E2(X) = 044, o(z) = 0.44 = 0.663

9y g 2063

Hx S IXT 5

(2.1 —24 <7< 2.4 — 2.4)
0.094 0.094

= F(0) — Fz(—3.19) = 0.4993 = 49.93%

=0.094

=P(-319<Z<0)

Part C: Suppose n > 30
(h) Determine n such that P(X < 2.29) = 0.1587.

n=? n > 30,P(X < 2.29) = 0.1587

2.29 —
B 2550 —oasst

22— p(z < -1)

Problem 16

A secret society has hired you as an internal analyst. They plan to take over the world by using an army of small
mammals. Answer all the questions clearly. Round your answers to two decimal places.

(a)

The secret society is building their lair underneath Seattle. They buy artisan vases in bulk to line their halls.
You find on their distributor’s website that the vases have a mean height y = 0.3 meters and a standard
deviation o = 0.2 meters. The society is very particular and only uses vases with heights between 0.15 and
0.35 meters. They aren’t efficient, however, and throw out an entire order if its average height is out of their
range. If the society orders a palette of 30 vases, how likely are they to keep it?

7 ) = (0.3,0.0365)

vn
0.15 — 0.2 0.35 - 0.2
P(=2 2 o g < 22T By B (412) — Fy(—1.37) = 0.9494 = 94.94
(00365 =% = o035 ) = Fr(412) — Fu ) %

P(0.15< X <0.35), X ~ N(u,

Hamster Haulers: The company had a good quarter and decided to throw a celebratory party. Your
coworkers Yunus and Jean from accounting come up to you while you’re eating a spring roll and tell you that
they just budgeted for the new hamster truck that will haul the rodents around. They’ve ordered the newest
model that has a maximum weight capacity of 40,000 kg. It’s cheaper to buy hamsters wholesale, but the
distributor only guarantees a mean p = 0.12 kg and standard deviation ¢ = 0.01 kg per hamster. If you're
buying 333,400 hamsters this quarter, how likely is the truck to be able to hold the total weight of the hamsters?

ps = 0.12 - 333,400 = 40,008, o5 =+/333,400-0.01 =5.774

P(S333.400 < 40,000) = P(Z < —1.386) = F;(—1.386) = 0.0829 = 8.29%

10



Useful Equations
Independent Events P(A|B) = P(A)
Pick (Permutations) and Choose (Combinations)

n! n n!
=T O = (1) = kl(n — k)l
Bayes’ Theorem
h ZB _ P(ANB) _P(B|A)«P(A) P(B|A) * P(A)
(A1B) = P(B)  P(B) ~ P(BJA) « P(A) + P(B|A°) x P(A°)

Inclusion-Exclusion
P(AUB)=P(A)+ P(B)—-P(ANDB)

Binomial Distribution
X ~ Bin(n, k) = (3)p"«(1—p)"*  E(X)=np  V(E)=np(l-p)

CDF Integration Rule of fx(z) Expected Value of fx(x)
| @iz =1 | ats@

Marginal Density
fX(ﬂC)Z/_ fxy(y)dy  fr(y) Z/_ fxy(z,y)de

X and Y aren’t independent if fx y(z,y) # fx(x)fy(y) for at least one (x,y)

Var(X) = E(X?)-E(X)?, Var(X+Y)=Var(X)+Var(Y)+2Cov(X,Y), Cov(X,Y)=E(XY)-E(X)E()

Br) = [ [y fer o) da @)

Let X be a random variable. The Moment Generating Function of X is

Mx(t) = Zetk p(k) when X is discrete and Mx(t) = / e* fx(z) do when X is continuous
k=0

—0o0

If X and Y are independent, then Mx vy (t) = Mx(t) - My (¢)

Derivative power rule of a function: o ()" =nf(z)" Lf(2)

fi/oo fX,Y(xvu) du
fx(z)

M!'0)=E(X?) P(Z>X)=1-FyX) F(Z<X)=FyX)

P(Y <ylX =) =

11



